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Self-consistent aieleetric response of a quasi-one-dimensional metal at high frequencies 
P. F. Williams 
Be11 Laboratories, Murray Hill, New Jersey 07974 
Aaron N. Bloch* 
Department of Chemistry, The Johns Hopkins University, Baltimore, Marylond 21218 
(Received 4 March 1974) 
We present the results of a calculation of the frequency- and wave-vector-dependent longitudinal 
dielectric function of a quasi-one-dimensional electron gas. The electrons are taken to be localized to 
the chains and both the tight-binding and free-electron extremes are considered along the chain axis. 
Local-field effects are included. Dispersion curves for plasmons and single-particle-excitation spectra are 
presented. We find that the plasmon rnodes are not Landau damped and that for long wavelengths 
these modes have eigenfrequencies ranging continuously from the usual three-dimensional plasma 
frequency for propagation along the chain axis to zero for propagation perpendicular to it. Finally, we 
discuss the effects these excitations should have on the optical properties. The absorption in the 
free-electron extreme contains both single-particle and plasmon contributions throughout the optical 
spectrum. In the tight-binding limit, the plasrnon contributions persist to frequencies larger than the 
single-particle bandwidth. In no event is the absorption of the Drude forrn. 
1. INTRODUCTION been ra re .  
It has long been recognized that the behavior of 
the one-dimensional electron gas i s  expected to 
differ dramatically from that of i t s  three-dimen- 
sional counterpart. The fundamental instability of 
the metallic state, ' the preponderant influence of 
fluctuations2 and disorder, and the theoretical pos- 
sibility of giant conductivities4 have been objects 
of occasional speculation for some time. This in- 
terest  ceased to be merely academic with the de- 
velopmenf of a class of anisotropic conductors 
whose structures consist of parallel linear chains, 
along which conduction electrons propagate essen- 
tially in one dimension. These include organic 
compounds such a s  tetrathiofulvalene-tetracyano- 
quinodimethane (TTF-TCNQ), the best organic con- 
ductor k n ~ w n , ' ' ~  and inorganic salts  such a s  the 
"mixed-valence" platinocyanides. 
Because of limitations on crystal size and qual- 
ity, reliable experimental data on these systems 
were until lately rather scarce,  and were confined 
largely to measurements of static and low-fre- 
quency characteristics. Recently, however, crys- 
tals of some of these materials have become avail- 
able which a r e  large enough for good optical mea- 
surements to be performed. It is found that at suf- 
ficiently high frequencies, the materials appear 
metallic in one d i m e n ~ i o n . ~ " ~  This has encouraged 
interpretation of the data in terms of a simple 
Drude metal even at frequencies well above the 
nominal width of the conduction band.8*9 Unfortu- 
nately, the dielectric response of the one-dimen- 
sional electron gas has received much less atten- 
tion at  these frequencies than it has in the static 
limit, and better interpretations of the data have 
To help clarify the situation, we evaluate here 
the frequency- and wave-vector-dependent dielec- 
tr ic response of a quasi-one-dimensional metal in 
the random-phase approximation. This is not to 
imply that we regard al1 of the materials in ques- 
tion a s  true metals: Their low-frequency proper- 
ties a r e  obviously much more complicated than 
that. 5.10-13 Rather, we simply recognize that a t  
sufficiently high frequencies, these properties can 
have little qualitative influence upon our results. 
We neglect exchange and the phonon dynamics, and 
we replace the highly inhomogeneous molecular - 
charge distribution by a uniform interchain back- 
ground of dispersionless polarizability . What 
remains is a simple tractable model which must, 
in our view, be understood before the high-fre- 
quency response of the real  materials can be in- 
terpreted properly. We consider our approxima- 
tions too severe, however, to generate a reliable 
description of the static screening. 
We investigate both the free-electron and tight- 
binding extremes of the one-dimensional conduc- 
tion band. In both cases the random-phase approx- 
imation (RPA) a s  usual describes collective ef- 
fects not present in a Hartree-Fock treatment of 
the problem. In particular, when the interchain 
Coulomb interaction is taken properly into account , 
we find that long-wavelength electron-density fluc- 
tuations on neighboring chains a r e  correlated. 
These can be described in terms of plasma excita- 
tions whose frequencies depend upon the directions 
of their wave vectors a s  well a s  the magnitudes, 
and range continuously from the three-dimensional 
plasma frequency down to zero. (The same con- 
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clusion has been reached by Dzyaloshinskii and 
~ a t s ' ~ ) .  At sufficiently short wavelengths, the 
directional dependence of the frequency i s  lost. 
In no case does the plasmon spectrum ever merge 
with that of the single-particle excitations; there 
is no simple Landau damping. l5 
Like the single-particle excitations, the plasmons 
may be coupled to a light field through interaction 
with phonons o r  lattice disorder. Unlike the iso- 
tropic case treated by Hopfield, l6 this process in 
a quasi-one-dimensional metal leads to an absorp- 
tion which in general exhibits no sharp threshold, 
but competes with the usual single-particle con- 
tribution throughout the optical spectrum. Nor is 
the single-particle absorption itself of the simple 
Drude form. We conclude that the Drude expres- 
s i o m  a re  not appropriate vehicles for the inter- 
pretation of the optical properties of these systems,  
and that reasoning based on f i t s  to these formulas 
over a narrow spectral  range8-lo should be ac- 
cepted with reserve.  
The development of these ideas is presented in 
five par t s .  In Sec. 11 we derive a general seif- 
consistent expression for the conlplex frequency- 
and wave-vector-dependent dielectric function of 
model quasi-one-dimensional metals. This result  
is valid within the random-phase approximation 
and local-field effects a r e  included. This general 
formulation i s  used in  Sec. 111 to discuss the prop- 
e r t ies  of the quasi-one-dimensional electron gas 
in the free-electron and tight-binding extremes.  
The plasmon dispersion and single-particle-exci- 
tation spectra a r e  presented and convenient long- 
wavelength approximations for  the dielectric func- 
tion a r e  given. In Sec. iV the application of these 
results  to the optical-absorption spectra of the 
quasi-one-dimensional metals is discussed. Sec- 
tion V contains a brief summary. 
11. GENERAL FORMULATION 
We will often have need to refer  to the compo- 
nents of a vector along the chain axis and will adopt 
- - * -. 
the convention q = Q  e , ,  k = K  e,,  e t c . ,  where e, 
is a unit vector in the chain direction. The com- 
ponent of a vector+perpendicular to the chain axis 
we denote by q,, k,, etc. 
Our treatment is simplified by modelling the sys-  
tem a s  a se t  of parallel conducting strands of finite 
diameter, regularly spaced in a square a r r ay  and 
immersed in  a medium of dispersionless back- 
ground dielectric constant E, . We neglect the in- 
terstrand charge-transfer inatrix elements, but 
retain the Coulomb potential experienced by an 
electron on one strand due to those on other strands 
a s  well a s  i t s  own. 
Throughout the paper we shall assume that the 
electric field (although not necessarily the polar- 
ization field) induced by a test  charge in our model 
systems i s  purely longitudinal. This assumption 
reduces the dielectric function from a tensor to a 
scalar  quantity, which depends on both the magni- 
tude and direction of the wave vector. The longi- 
tudinal-field approximation is equivalent to ne- 
glect of retardation, 2nd is valid for  three-dimen- 
sional wave vectors IQ I >> O/c, where i s  the f re-  
quency of interest  and c the velocity of light. In 
this sense our work complements that of Bulaevskii 
and Kukharenko, '" who have treated the solutions 
to Maxwell's equations for these systems in the 
extreme long-wavelength limit. 
With the loss of translational invariance, the 
self-consistent calculation of the dielectric re -  
~ ~ o n s e ' ~ ~ ' ~  is complicated considerably . In par-  
ticular, the effect of the periodic lattice i s  to mix 
Fourier-potential co_mponents differing by recipro- 
cal-lattice vectors G.  TJe response to an applied 
potential of wave vector Q, and frequency 51 is no 
longer local, 5ndmusJ be specified a t  each of the 
wave vectors Q =Q,:G. Specifically, for an ap- 
p l g d  potential w,,(Q,, O), we seek the f u ~ c t i o n  
E(Q, a,, G) such that the components 'utOt(Q, 51) of 
the total potential a r e  given by 
F o r  the remainder of the discussion, we shall take 
and will suppress the frequency arguments. 
The localized wave functions a r e  
f ree  electron ; 
tight binding ; 
where a is the number of unit cells on a chain and 
L i s  the chain length. Following our convention, 
* 
r, is the perpendicular component of-R and r the 
parallel component. The quantities 1, and 1 refer  
to perpendicular and parallel lattice vectors, re -  
spectively; The function @(;,) i s  strongly peaked 
about 2, =O and describes the localization of the 




~ ( k )  = J e-ikl 'X~ /O($,) l 2  8 , ~ ~  , f ree  electron ; 
x / (2,) 1 8 xL tight binding . 
The interaction Hamiltonia5 describing the inter- 
action of the potential Vtot(R, t )  with the electron 
1 o 
-
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gas i s  given by 
-. 
The summation over k and Q runs over one Bri l-  
louin zone with the understanding that in the free- 
electron extreme the Brillouin zone i s  taken to 
have infinite extent along the chain axis. Similar- 
9, the summation over reciprocal-lattice vectors 
G i s  taken to be two-dimensional for  the free-elec- 
t ron extreme and three-dimensional in the tight- 
binding extreme. The quantity u,,, (Q) is the Fou- 
r i e r  transform of vtot(R). 
The induced charge density i s  calculated a s  usual 
to f i r s t  order  in H,,, by deternlining the expecta- 
tion value of the particle-density operator p(R) for 
the perturbed ground state. The induced potential 
v,,,(R) i s  then determined from Poisson's equation 
with charge density {p(R)), The contribution from 
the polarization of the molecular cores  i s  included 
by assuming an isotropic-background dielectric 
constant E, . Finally, we write 
. 
and solve for  utot(a) in t e rms  of 'Uext(&). 
The equation thus obtained for 2itot(Q) i s  
where 
i s  given by 
x [6(w,,, - Si) - 6(wh,, t f i ) ]  dk , 
u,,, - ( l l t i )  [G(k +q)  - &(k)] . 
The te rm n(k) re fers  to the occupation nunlber of 
the one-electron state with wave vector k, and 
& ( k )  i s  the energy of this s tate.  x i s  the number 
of s trands per  unit a rea ,  and the quantity (4ne2/ 
E , Q ~ )  x(q, 6 1 )  i s  just the usual Kramers-Heisenberg 
electronic polarizability . l8 
If we take u,,,(Q) = z', 6g,g0, (5) describes an 
infinite se t  of coupled linear equations for utot(Q), 
2ito,(Q +G), . . . that must be solved in_order to de- 
termine the dielectric constant E(Q, Qo , ~ 2 ) .  The 
solution can be obtained by observing that the surn- 
mation in (5) is periodic in with a period of a r e -  
ciprocal-lattice wave vector. We define = Q  + G1 
- 
and 9, = Qo + G, , where Qo and Q lie in the f i r s t  
Brillouin zone and G, and E,  a r e  reciprocal-lattice 
vectors. The final result i s  
where 
Equation (7) could have been obtained by taking the 
electronic wave functions in (2) to be nonlocalized 
three-dimensional anisotropic tight-binding wave- 
functions. Using these functions, Hayashi and 
ShimizuZ0 have investigated dielectric screening in 
transition metals and have obtained identical r e -  
sults f o r t h e  dielectric function. 
Fo r  IQ, l sufficiently srnall, the short-wave- 
length modulation of the electronic density by the 
lattice is unimportant, and (7) reduces to the local 
(in Q space) RPA result.  Here the lattice affects 
E@, 52) only in that i t  modifies the electron-dis- 
p e r ~ i o n  relation and, therefore, x(q, a ) .  OnJy the 
G = O  t e rm contributes to U(Q) and, taking P ( O )  = 1, 
(7) becomes 
4 Deiisity-deiislt~ respoii5e fuiictioii x(cl,.Q) 
1 Free ekctroir 
If the energies of the one-electron states have 
the one-dimensional free-electron form 
=Tz2k2/2117, we find from Eq. (6) the rea l  and imag 
inary pa r t s  of xFE(q, a): 
X2E (q, a) = 0 , otherwise, 
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where the frequencies screening in the present context. 
represent the maximum and minimum energies for 
excitation of an electron-hole pair with wave vec- 
tor q, and u, is the Fermi  velocity. 
We observe that in the static limit, (9) contains 
the logarithmic divergence at q = 2kF representing 
the Peierls  instabilityl of a one-dimensional metal: 
Our neglect of exchange, however, probably pre- 
cludes a meaningful discussion of the static 
2. Tigh t binding 
We now consider the extreme in which the con- 
duction electrons are  taken to occupy a single one- 
dimensional tight-binding band, well isolated in 
energy from any other bands in the system. The 
one-electron energies a re  ETB(k) = 5 W ( 1 -  coska), 
where W is the bandwidth and a is the unit-cell di- 
mension along the chain axis. The single-particle 
excitations a re  given by 
w,,, = (w/K) s in( iqa)  sin(k + $q)a  . 
The evaluation of the density - response function 
Proceeds a s  in the free-electron case. The results are  
= O  otherwise , 
where 
and 
/ s i n a ( k , * $ / q / ) /  , k F s n / 2 a ,  / 2 k , - d a i  
~ , T ~ ( ~ ) = w ~ ( q )  / s ina (kFr$  / q / )  / , kF2n/2a , 191 / 2 k ~  -n/al  
=wo(q) , / g / >  /2kF-n/a l  
and where O 5 tan'ly 5 n .  In the static limit, the logarithmic divergence again appears at q = 2k, : 
-+ 
B. Effective Coulomb potential U ( Q )  
In many respects, localizing the electrons to 
thin strands has the effect of replacing the usual 
bare Coulomb potential 4ne2 /~ '  by an effective 
Coulomb potential U(@, a s  defined in Eq. (7). For 
this reason, the behavior of u(G) is of interest. 
U(¿$) depends on the radiusof a conducting strand 
through the "form factor" P(k). Fo_r wave vectors 
perpendicular to the chain axis, p(k) is just the 
Fourier transform af the function describing the 
localization of the electron to the strands e(?,). 
if the stran_ds have radius p,, i t  i s  clear that the 
effect of B(k) in Eq. (7a) i s  to cut the summation 
off at a value of E, roughly given by E,, = 1 / p ,  . 
Since the sum is two dimensional, i t  diverges log- 
arithmically for small p,. This corresponds to 
the logarithmic divergence of the potential energy 
of a line charge. 
We will take the functions o(?,) and q ( r )  to be 
Gaussians of radius p, and p, respectively: 
With these definitions, ~ ( k )  is given by 
free electron, 
+ - 2 2  P(k) = e ' l k ~ l  ~ 1 / 4  9 
tight-binding, 
- 2 2  P(a =e- lk l l  ~ , / 4  e-k2#2/4 
We will take the parameter p, to be much less than 
the interchain spacing so that the charge-transfer 
matrix element between chains vanishes, and we 
will take p-a .  
Figure 1 shows plots of the effective Coulomb 
potential U@) in the tight-binding extreme for 
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FIG. 1. Effective Coulomb polentiais isolid iine) in 
the tight-binding extreme for three strand radii. Also 
shown (dashed line) i s  the usual bare Coulomb potential. 
The wave-vector direction i s  along the chain axis (6 = 09,  
p y a z 1 . 5  A,  and k p = 3 x  10' cm-'. 
three different s t rand  radii,  a s  well a s  a plot of 
the usual Coulomb potential 4 a e 2 / ~ ' .  In this f igure,  Q is along the chain axis .  The divergence of ~ ( 9 )  
fo r  s m a l l  s t rand  radi i  can be seen  here .  Also, i t  
appears  that fo r  s t rand  radi i  - 1 A, and for  along 
the chain axis ,  the usual Coulomb potential repre -  
sen ts  a good approximation to the effective poten- 
t ia l ,  a t  l eas t  out to the Brillouin-zone edge. 
Because of the periodicity of the s imilar i ty  
between the two potentials ends a s  the wave vector 
p a s s e s  outside of the f i r s t  Brillouin zone. The ef- 
fects  of this  periodicity can be  seen  i n  Fig. 2 .  
Here U @ )  is shown for  a fixed s t rand  radius of 1  A 
and f o r  wave vectors  niaking angles 6 with the chain 
ax i s  of O", 60°, and 80". The ordinate in  the f igure 
is q = la 1 cos6, and is taken to l ie  i n  the x~ plane. 
The oscillatory behavior of the 60" and 80" curves  
resu l t s  f r o m  the periodicity of U(@. As p a s s e s  
thr_ough a perpendicular reciprocal-lattic? ve_ctor, 
U ( Q )  h a s  the saine value i t  would have if q, = 0, and 
i t  therefore must  meet the B =O" curve.  
l .  Free electrori 
F r o m  E q s .  (8)-( lo) ,  we obtain in  the free-elec-  
t ron ex t reme,  
= O ,  o therwise 
where 6 is the angle between and the chain ax i s ,  
and we have einployed the shortened notation 
o, = wZE ( q ) .  AS expected for  a one-dimensional 
system, the dielectr ic  function ( 1 5 )  diverges a t  the 
upper and lower thresholds f o r  single-particle ex- 
citation. 
We identify the parameter  
a s  the squared p lasma frequency, with S the volunle 
electron density. To examine i t s  physical signifi- 
cance, we consider the long-wavelength l imit  of 
( 1 5 ) :  
g o / r  
A s  discussed in Sec. 11. the dielectr ic  function 
becomes local in  Q space when 19 1 << IG 1 f0r al1 FIG. 2. Effective Coulomb potentiais i n  tlie tight- 
5. Additionally, in  this region E(g, a) can  be wri t -  bindi!g extreme for  off-axis wave-vcctors. S tpnd  radius 
ten in  a part icular ly t ransparent  f0 rm.  i s  1 A, p = n = l .  5 ti, k p = 5 x  10' cm-', nnd q =  IQ I cose. 
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Setting (17) equal to ze ro ,  we find that there  ex i s t s  detail  in  the subsection on eleineritary excitations. 
a s e t  of long-wavelength plasmons whose frequency 2 Tiglir biildirig 
depends upon their  direct ions of propagation: 
- 
Part icular ly convenierit a r e  the for ins  fo r  the di- 
w(Q) - w, cose . Q- O electr ic  function resulting froni  the special  case  of 
a half-filled band, k ,  = n 120. Using Eq.  (11) and 
This  observation can  a l so  be niade i n  the tight- (12) in (8) we obtain fo r  this case ,  with no fur ther  
binding ex t reme and it  will be discussed i n  niore approxiniatioiis, 
wl-iere we have again ~ s e d  the shortened notation 
W* = wFB (q) . 
F r o m  this equation, we s e e  that <TB(Q, $ 2 )  is dis-  
c o n t i n u o ~ ~  a t  S2 = w+ . It  approaches a finite l imit  
a s  Cl approaches o+ f r o m  below, and a divergent 
l imit  f rom above. T h s  is a general  resul t  fo r  $1 
lql> 2 k , - n / n  . F o r  q l <  i 2 k F - r í / a , ,  <TB(&,cb) 
diverges in a syinmetr ic  manner about 61 = s+ . It  
always diverges symmetr ical ly  about - w- . The 
long-wavelength behavior of cTB(Q, 51) IS quite anal- 
ogous to that of cFE(Q, '2). 
We next discuss  the plasmon dispersion and the 
single-particle excitation spectruni  fo r  the two ex- 
t r e m e s  of tight-binding and free-electron behavior 
along the chain axis .  In both cases ,  the plasmon 
frequeiicy f o r  long wavelength is given by 
There ex i s t s  a s e t  of long-wavelength p lasma 
oscillations with frequency depeildent on  the angle 
of propagation with respect  to the chain ax i s .  PhyS- 
ically, these inay be regarded a s  consisting of 
charge oscillations propagating along each chain 
with the sanle wavelength, but stepped in phase 
f rom chain to chain so  that the directioii of propaga- 
tion is off ax i s .  The polarizatioii of such modes is 
inixed and angle dependent, changing froin a purely 
longitudinal plasmon with the usual three-diinen- 
sional p lasma frequency d ,  , a t  Q -O', to a purely 
t ransverse  mode with ze ro  frequency a t  0 = i r ,  
This  resul t  has  been iioted by Dzyaloshiilskii arid 
~ a t s ' ~  and by Bulaevskii and ~ u k h a r e n k o ' ~ ;  we 
emphasize that i t  r esu l t s  entirely f r o m  the coupling 
o£ charge density on different chains through the 
i n t e x h a i n  Coulomb interaction. 
The angular dependeiice of the frequency follows 
readily f r o m  simple considerations. F o r  p las i~ ion  
propagation elong the chain ax i s ,  tlie Couloilib r e -  
s tor ing forces  a r e  a l so  alorig tlie axis ,  and the 
fo rces  keeping the electrolis locafized to the chains 
do not come into play. The equation o£ iiiotioii fo r  
the electro11 g a s  is the saliie a s  in  the isotropic 
c a s e  and the p lasma frequency is given by the usu- 
a l  three-dirnerisional resul t .  F o r  plasinon propaga- 
tion a t  angles oblique to [he chairi ax i s ,  Iiowever, 
the Coulonib res to r ing  forces  have a component 
perpendicular to the ax i s .  This  compoilent is can- 
celled by the fo rces  keeping the electrons localized 
to the c h a i ~ i s ,  s o  that tlie iiet restor ing force on  the 
plasnion charge-density wave i s  reduced. It is 
easy to show that the resultirig plasmon frequeiicy 
is proportional to cose.  Ailother effect of these 
localizing forces  is to give the plasmon a par t i a l  
t ransverse  charac te r .  
F o r  shor te r  wavelerigths, the dielectr ic  function 
is iiot local s o  that the general  resu l l  giveii by Eq .  
(7) niust be used Lo deteriiliiie thep las inon  spec-  
t rum.  The plasinon frequei-tcy s(Q) is determiiied 
by requiririg a finite response for  ail iiifinitesmal 
applied field of wave vector Q and frequency u'(g). 
A s  can be  seen  froni (7), this conditiori is ii-iet by 
requiring that 
This  equatiori defines the plasi i~on dispersioii .  l t  
i s  of the saine fornl  a s  the usual isotropic RPA re -  
sul t  except that the b a r e  Coulonib potential 
1s replaced by the effective Coulomb potential ~ ' ( 6 ) .  
As usual,  the single-particle excitation spec t rum 
1s determiiied by requiring that the dielectr ic  func- 
1 o 
-- 
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tion have a nonvanishing imaginary p a r t .  We now 
presen t  explicit r esu l t s  f o r  the plasmon dispersion 
and the single-particle excitation spec t rum through- 
out the Brillouin zone. 
Following (20)  and using the Sree-electron re -  
sul t  f o r  X ,  the plasmon dispersion is giveii in  this  
ex t reme by 
The long-wavelength approximation to the plasmon 
frequency given by (19) is obtairied immediately 
upon expansion i n  powers  of Q: 
The f i r s t  two t e r m s  a r e  the s a m e  a s  obtained by 
Dyzaloshinskii and Kats. l4 
The dispersion curves  f o r  s t rand  radi i  of 0 . 5  
and 3. O A a r e  shown in Fig.  3. The plasnlon prop-  
agation direction i s  along the chain ax i s  f o r  these 
curves .  In F ig .  4 ,  the plasmon dispersion is 
shown f o r  a fixed s trand rad ius  of 3 A, but fo r  
propagation angles of 0 -  and 60 . The single-par- 
ticle excitation spec t rum is a l so  shown in F igs .  3 
and 4. The "hole" in the single-particle spectrum 
is a general  feature of one-dimensional e lectron 
bands; it  would not be  presen t  with isotropic three-  
dimensional bands. As a resul t  of this hole, low- 
energy single-particle excitations a r e  allowed only 
f o r  q=O and f o r  q = 2 k , .  
An unusual feature of the one-dimensional plas-  
mon-dispersion curves  is that they never en te r  the 
FIG. 3. Free-slectroii single-particle excilatiori spec- 
truin and plasmon-dispersion curves for straiid radii of 
0 .5  and 3-.%. The mave-vector direction i s  along the 
chaiii m i s  (0  = O o ) .  Values of parameters a r ev  = l o i 4  cm-', 
k F = 3 x  l ~ ~ c r n " ,  n z = m e = 9 . 1 x  10-LE 5 ,  and E , = ? .  
FIG. 4. Free-electron single-particle absorption 
spectrurn and plasmon-dispersion curves for wave-vec- 
tors  making an angle 8 yi th  the+chaiii axis oí 0" and 60". 
The strand radius i s  3 A ,  7 = 1 Q 1 coso, and al1 other 
paranieters a r e  a s  in Fig. 3. Dispersion curves for  
other propagation angles fill the region between the top 
oí the single-particle excitation spectrrim and the B = 0" 
dispersion curve. 
region of s ingle-part ic le  excitations. In contrast  
to isotropic metals ,  the plasmons in quasi-one-di- 
mensional meta l s  a r e  not Landau damped. That 
this must be the case  in  the free-electro11 ex t reme 
can be  seen  immediately f rom ( 2 1 ) .  Remembering 
that c o t h n  1  fo r  al1 positive ,Y, i t  follows that u(Q) 
2 the maximum single-particle excitation 
frequency.  A s  we shal l  show, this s a m e  conclu- 
sion can be drawn in the tight-binding ex t reme.  
Although only the 0 = 0" and 8 = 60" dispersion 
curves  a r e  shown in Fig.  4, the re  actually a r e  an 
infinity of such curves ,  one for  each propagation 
direction. Because of the oscillatory nature of 
u(Q), the off-axis plasmon-dispersion curves  a l so  
osci l la te .  F o r  l a rge  propagation angles with r e -  
spect  to the chain axis ,  these curves  iilay osci l la te  
between the 0 = O o  plasmon curve and the top of the 
single-particle excitation spectrum. The period 
of the oscillation is ( 2 a / b )  coto, where h i s  the 
spacing between s t rands  . 
To determine the plasmon dispersioii  in this ex- 
t r e m e ,  we proceed a s  before, using the tight-bind- 
ing in  ( 2 0 ) .  The resul t  is a transcendental equa- 
tion f o r  JJ(¿$) which can only be  solved numerically, 
We will  p resen t  dispersion relations determined 
in this manner fo r  two choices of the s t rand radius.  
Even without a n  analytic solution, there a r e  
some general  observat ions that can be niade con- 
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cerning the nature of the excitations. F o r  exam- 
ple ,  i n  the small-Q liniit, Taylor expansions can 
be used to determine that 
In this limit,  the plasrnons exhibit the s a m e  angu- 
l a r  dependence a s  in  the free-electron ex t reme.  
As q increases ,  the dispersion is severely modi- 
fied by the band s t ruc ture ,  and the plasmon f r e -  
quency may r i s e  o r  fa11 depending on 8 and on the 
relative magnitudes of W and Ew, . 
Also a s  in the free-electron ex t reme,  the plas- 
mons a r e  not Landau damped by single-particle ex- 
citations. That this must be the case  can  be  seen  
by noting f rom (11) that X i B ,  is singular a t  
52 = wf (q) and that the s ign of xTB in this region is 
such that the quantity 
is negative. ~ i n c e  f (6, W) must  approach E, fo r  
large a, i t  must p a s s  through zero  for  some 
a > wIB(q). 
The transcendental equation for  the plasmon dis- 
persion h a s  been solved numerically f o r  a number 
of specific cases ,  and the resu l t s  f o r  two of these 
a r e  shown i n  F igs .  5 and 6. F igure  5 shows the 
plasmon-dispersion curves  fo r  a s t rand  radius of 
1 A and f o r  propagation angles of O' and 60". Fig- 
FIG. 5 .  Tight-hinding s ingle-part ic le  excitation spec-  
t r u m  and plasmon-dispersion c u r v e s  f o r  wave-vectors  
making a n  angle B ~ i t h  thc chain ax i s  of 0" and 60".  The  
s t rand  rad ius  i s  1 il. The  band was  taken to h e  Iialf- 
filled, 11=1014 ~n1- ' ,  p = n = 1 . 3  A,  W = O . 3  eV, < , - = 2 ,  and 
q = I Q I cose .  Dispers ion  c u r v e s  f o r  o t h e r  propagation 
angles  f i l l  the  region hetween the top of the s ingle-part i -  
c l e  excitation spec t run i  and the 8 = 0" dispers ion  curve.  
I.'Ic;. 6. Same a s  F ig .  5 except that the s t rand  rad ius  
i s  3 -A. 
u r e  6 shows s imi la r  resu l t s ,  but f o r  a s t rand radi- 
us  of 3 A. Also shown in these f igures  i s  the sin- 
gle-particle-excitation spec t rum.  In both f igures ,  
a half-filled conduction band was  assumed.  Both 
the plasmon dispersion and the single-particle ex- 
citation spec t rum must  be periodic with period of 
reciprocal- la t t ice  vector  . 
Although only two curves  a r e  shown for  each 
figure, there is a different dispersion curve for  
each propagation angle. As in the frez-electron 
extreme,  the oscillatory nature of U(Q) causes  a n  
oscillatory behavior f o r  the off-axis dispersion 
curves .  In analogy with the free-electro11 ex t reme,  
the dispersion curves  f o r  al1 propagation angles 
fill  the space between the top of the single-particle 
excitation spectrum and the 8 =Oc plasmon-disper- 
sion curve.  
IV. OPTICAL PROPERTIES 
In a translationally invariant e lectron gas,  nei- 
ther  plasmon nor s ingle-part ic le  excitations can 
contribute to the optical absorption. 16*' In the 
quasi-one-dimensional metals ,  translational in- 
var iance is broken in two ways: by the filiainentary 
s t ruc ture  i tself ,  and by s tat ic  o r  thernlal d i sorder .  
These hvo fac tors  give r i s e  to very different rnech- 
an i sms  for  optical absorption, and i t  is inlportant 
that we distinguish between them. 
The f i r s t  type of absorption p r o c e s s  has  been 
studied i n  detai l  by Bulaevskii and Kukharenko, l7 
and will be  discussed but briefly here .  In a uni- 
axial conductor, the polarization of off-axis plas-  
mons is partially t ransverse ,  and d i rec t  coupling 
to p-polarized light is possible i n  cer tain optical 
geometr ies .  This  possibility has not appeared ex- 
plicitly in  the resu l t s  of Secs.  II and 111 because of 
our  neglect of retardation. When retardat ion is 
included, i t  is found17 that fo r  extremely long wave- 
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lengths (Q  < wp / c ) ,  the plasmon dispersion i s  split 
into two branches, separated by an angle-dependent 
gap within which light polarized along the chain axis 
does not propagate. In appropriate configurations 
the result  is a region of high reflectivity in the 
vicinity of the upper-branch threshold wp . The 
effect has recently been observed experimentally 
by Brüesch. 22 
As Q i s  increased, the lower branch of the dis- 
persion smoothly joins w ( 6 )  = w, cose, the leading 
te rm of the results  of Sec. 111. Presuniably this 
branch can be directly excited, and i t s  angular de- 
pendence verified, by coupling through a frustrated 
interna1 reflectance device such a s  those employed 
by OttoZ3 and by ~ a r k e r ' ~  in their studies of sur-  
face excitations. Fo r  the delicate materials in 
question such an experiment may be a preferable 
alternative to electron energy-loss measurements, 
and we suggest i t  a s  a means of testing directly 
sonle of the conclusions of the present paper. 
In the usual optical geometry (the light normally 
incident and polarized with i t s  electr ic  field along 
the chain axis) direct  coupling to the plasmons 
does not occur; direct  coupling to the single-par- 
ticle excitations does not of course occur in any 
geometry. Optical absorption in these cases  r e -  
quires some additional source of momentum, '6f21 
such a s  the phonons, static disorder,  " and/or the 
periodicity of the lattice. For  three-dimensional 
metals this is the familiar mechanism responsible 
for  the infrared single-particle absorption and, in 
favorable cases,  25 a weak plasmon a b s ~ r p t i o n ' ~ ' ~ ~  
with a threshold at  o,. In the quasi-one-dimen- 
sional case, we shall find that the single-particle 
absorption i s  not precisely of the Drude form, and 
that the plasmon absorption i s  qualitatively differ- 
ent, and potentially more important, than i t  i s  in 
three dimensions . 
A. Free-electroti extreme 
Where the electrons a r e  f ree  in one dimension, 
the treatment of the optical absorption is particu- 
larly straightfonvard. For  simplicity of discus- 
sion we take the longitudinal dielectric function to 
be local in Q space. In this approximation our 
model certainly resembles a Drude metal more 
closely than i t  would if the mixing of potential 
components by the periodic lattice were taken into 
account. Nevertheless, we shall find that even 
in this local approximation, the absorption does 
not obey the Drude formula. Clearly, our assump- 
tion of a local dielectric function will not be valid 
in al1 cases,  but the effect of the corrections will 
be to aggravate the deviations from simple Drude 
behavior . 
We consider the diagonal component o£ the imag- 
inary transverse dielectric tensor along the direc- 
tion of the chain axis. To second order  in V a ,  the 
coupling to the momentum sink, the optical absorp- 
tion in our local approximation niay be written as'6'z1 
Equation ( 2 4 )  contains both single-particle and 
plasmon contributions; we consider these in turn, 
using the local RPA results  of Sec. 111 to approxi- 
mate the longitudinal loss function. Our results  
a r e  to be compared with the absorption of a Drude 
metal carr ied to the same order of perturbation 
theory: 
where T i s  the electronic relaxation time. 
1. Suzgle-particle absorprion 
Using (15), we find that the single-particle con- 
tribution to ( 2 4 )  i s  
where the notation &(S. P .  ) indicates that the sum 
i s  to be taken over those values of Q for  which 
single-particle excitations exist at  a given S i .  For  
want of detailed information about V: we shall not 
evaluate the full expression ( 2 6 )  here. Instead, we 
consider i t s  asymptotic behavior. 
We examine f i r s t  the limit %L >>,A%, cF where 
&, = &(k,). Here departures from ( 2 5 )  ar ise  pri-  
marily because the semiclassical derivation of the 
Drude formula, " which t rea ts  the current  essen- 
tially a s  a small  oscillation of the Fermi  surface, 
cannot account accurately for  transitions from deep 
within the F e r n ~ i  sea.  After replacing V :  by i t s  
average value at  large Q, we find 
Analogous effects a r e  predicted26 and observedZ5 
in three dimensions . 
In the opposite limit, E n  &, , Eq. (24)  r e -  
mains valid so long a s  C ~ T  » 1 ,  where T i s  the 
smallest  important relaxation time. These two 
conditions a r e  compatible within our free-electron 
model. At these frequencies the available phase 
space is severely restr icted by the "hole" in the 
one-dimensional single-particle spectrum (Fig. 3) 
and the only t e rms  in the sum (26)  a r e  from q - 2kF . 
The result i s  approximately 
This form r i s e s  more slowly with decreasing 52 
than does (25). 
In the intermediate region, !2ceP(C2) is a reason- 
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able approximation to (25) over  a limited-frequency 
region. I t  is i n  precisely this region, however, 
that the plasmon absorption considered in Sec. 
IV A 2 is strongest ,  s o  that the Drude formula is 
never  really obeyed. 
Superimposed upon the single-particle absorp-  
tion is the contribution to (24) of the plasmon pole 
of the l o s s  function. F r o m  (15), the s t rength of the 
pole is given by1' 
F o r  Q - O and 8 - 0, (29) exhausto the longitudinal 
f s u m  ru ie ,  27 
just a s  in  the three-dimensional case .  F o r  q -  m, 
o r  8 - $9, the total plasmon osci l la tor  s t rength is 
vanishingly smal l  . 
Because of their  angular dependence and the 
absence of Landau damping, the plasmon eigen- 
frequencies  in  the free-electron ex t reme extend 
continuously f r o m  zero  to infinity. The resulting 
optical absorption therefore extends i n  principie 
throughout the spec t ra l  range . 
We can compute the second-order contribution 
to this absorption by substituting (29) into (24). 
F o r  n/?, - m, we have f r o m  Eq.  (21) and Fig.  3 
that w(Q) - and the absorption is negligible. 
It is also negligible f o r  51- 0 ,  where the conditions 
C2 - w : ~ ( ~ ) ,  0 - n, and Q - O outweigh the factor  
in  (24). Between these e x t r e m e s  we find a n  
extended absorption, the detailed shape of which 
depends on the functional fo rm of V $  . In general,  
i t  exhibits a very broad inaximum centered i n  the 
vicinity of w,, where the pole (29) is strongest  and 
the plasmon density of s t a t e s  l a rge  . 
We can es t imate  the total s t rength o£ this  absorp- 
tion by exploiting the t ransverse  s u m  ru le ,  27 
Some caution is required i n  evaluating the contr i -  
bution to (31) of a second-order expression like 
(24). The difficulty is that (24) amounts to a n  ex- 
pansion of the absorption in powers  of (C~T)-', and 
the integration (31) includes the low-frequency 
region where  such a n  expansion is no longer valid. 
F o r  the p resen t  problem, however, we observe 
f r o m  (29) that the plasmons contribute little osci l -  
la tor  s t rength a t  low frequencies, s o  that f o r  the 
free-electron ex t reme (a, Í » 1)  we expect (24) to 
provide a reasonably rel iable  est iniate  of the total 
plasmon contribution to (31). 
We make this  est imate by replacing V $  in  (24) 
by i t s  average,  which we approximateZ8 using val- 
u e s  of Í deduced f r o m  the d c  conductivities of rea l -  
one-dimensional conductors assuming a free-elec-  
t ron density of s ta tes .  Using the p a r a m e t e r s  
Í - 3x lowi6 s e c ,  31. - loL4 cm-2, and a l inear  electron 
density of 1 p e r  3 A, we find that the plasinons 
contribute about 15$ of tlie total osci l la tor  s t rength.  
This  can  represen t  a significant departure f r o m  
the Drude formula beyond the deviation predicted 
for  the single-particle contribution. 
B. Tiglit biiidirig extreme 
The actual quasi-one-dimensional conductors 
a r e  narrow-band systenis .  If their  dc conductivi- 
t i es  a t  room temperature a r e  regarded a s  metal- 
l ic ,  one deduces" electronic  inean f r e e  paths of 
the o r d e r  of one lattice constant, o r  relaxation 
r a t e s  ?i/7 of the o r d e r  of the bandwidth U'. This  
situation approaches the threshold condition f o r  
localization of the electronic  wave furictioii by 
s t rong scat ter ing.  29130 F o r  such mate r ia l s  the 
often-invoked free-electron theory i s ,  to say the 
least ,  distinctly suspect .  
The intraband single-particle absorption is con- 
fined to eiiergies tia 5 W. Since in  these niater ials  
W -  A / T ,  th i s  absorption o c c u r s  ent i rely within a 
region of the optical spectrum where a perturba-  
tion expansion in powers  of (C~T)-' is not valid, and 
the second-order expression (24) does not apply. 
Here we shal l  not undertake a detailed discussion 
of the optical response,  but shal l  content ourse lves  
with a few general  observat ions.  
In th i s  situation, very substantial depar tu re  f r o m  
Drude behavior is not only expected on physical 
grounds, but required by the f sur11 rule .  In p a r -  
t icular ,  f o r  sufficiently narrow bands the optical 
absorption mus t  b e  peaked a t  sonie iionzero f r e -  
quency. To demonstrate ,  imagine a single-band 
metal  of p lasma frequency o, and dc conductivity 
a(0) = E, wp 7/4n. If plasmon contributions a r e  ne- 
glected the absorptionQe,(Q) = 4na(61) is cut off a t  the 
bandwidth W. If u@) is nowhere to exceed d o ) ,  
the total s t rength of the absorption, S," Q<,(Q)dn, 
can be no l a r g e r  than 4na(0) ~ / 6 =  E, w: Í W / E .  But 
the s u m  rule  (31) s e t s  the integral  equal to $nc,k$ . 
It  follows that dC2) mus t  r i s e  above ~ ( 0 )  and p a s s  
through a n~aximuin  if Ttr < ', n(1?. /~) .  Even for  
somewhat l a r g e r  values of It', the deviations froni  
s imple Drude behavior a r e  stroiig. 
In the quasi-one-dimensional conductors, a very 
broad s t rong  peak i s ,  iii fact ,  observed in the in- 
frared.3'-34 The sum-ru le  arguments  do not, of 
course ,  provide a n  explanation; they siiiiply r e -  
mind u s  that the conditioii U'; = nieans that the 
conduction e lec t rons  a r e  strongly coupled, and that 
a corresponding optical absorption is expected. It  
r equ i res  a thorough study of the individual mate-  
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r i a l s  involved to determine the extent to which the 
actual inechanism involves electron cor re la -  
tions31932935 the electron-phonoil ~ o u p l i n g ~ ~  o r ,  in 
appropriate  cases ,  d i rec t  t ransi t ions between s ta tes  
weakly localized by s t ruc tura l  d i sorder .  " 
2. Plasmotz absorption 
The sum-ru le  argumeiits discussed above will 
in  general  be  al tered somewhat by any low-lying 
interband t ransi t ions and by the plasmori absorp-  
tion. 111 narrow-band systenls  a calculation of the 
l a t t e r  i s  complicated by the sarne problems a s  
a r i s e  f o r  the s i~igle-part ic le  absorption. It is 
worth remarking,  however, upon the interestiilg 
c a s e  where the band is so  narrow that Kwp > It'. 
F r o m  the formula (19) with 32- 1014 and 
E, - 2 . 3 ,  we find that this  o c c u r s  f o r  a half-filled 
band wheri IY < 0.75 eV-a condition which i s  prob-  
ably fulfilled ir1 the organic quasi-one-dimensioilal 
conductors. Wheil the difference between Ki*$ and 
[C' is substantial,  we have above II' a coritinuum of 
"free" plasmon excitatioiis which cannot easi ly  de- 
cay into s ingle-part ic le  s ta tes  even by phonon 
emission.  They should give r i s e  to optical absorp-  
tions which p e r s i s t  to energ ies  l a rger  than IV. A 
possible experimental exaniple of such behavior 
will be  discussed in the following paper .  36 
V. CONCLUSION 
We einphasize again that our  calculations a r e  
not intended to represen t  faithfully the detailed 
high-frequency behavior of r e a l  quasi-one-dimen- 
sional conductors. Rather ,  we have pursued the 
implications of the s imple models upon which inuch 
of the cur ren t  theoretical work and interpretation 
of experiinents has  been based. Within these mod- 
e l s ,  we have found that the longitudinal dielectr ic  
response and elementary-excitation spectrum a r e  
qualitatively different f rom their  counterparts  in 
isotropic three-dimensional meta l s ,  and that a s  
a resu l t  the usual assumptionsE-'O about the f o r m  
of the high-frequency optical absorption a r e  unre- 
liable . 
When such assutnptions fai l  even for  these s im-  
ple models, the optical p roper t i es  of the coinpli- 
cated r e a l  mate r ia l s  must  be interpreted with c a r e .  
The presen t  work gives a qualitative indication of 
some of the new fea tures  to be expected (such a s  
an extended region of plasrnon absorption), but i t s  
utility f o r  d i rec t  quantitative predictions is limited. 
We have neglected, fo r  example, the interband 
transitions which l ie  just above the intraband ab- 
sorption in the organic aild inay 
even overlap i t  in  the mixed-valence platinuiri chain 
sa l t s .  3"lso potentially se r ious  is our  fai lure  to 
take bet ter  account of the short-range p a r t  of the 
electron-electron interaction. Except a t  shor t  
wavelengths, this  neglect probably has lit t le effect 
upon the plasrnon dispersion,  but i t  can a l te r  sub- 
stantially the s ingle-part ic le  spectrum in narrow- 
band s y s t e m s .  Finally, we r e m a r k  that the inter- 
chain coupling in the quasi-one-diiiiensional organic 
semimeta l s  such a s  TTF-TCNQ (which consis t  of 
two kinds of conducting chains, with the electron 
population on one equal to the hole population on 
the other)  will  be ra ther  different f roni  that con- 
s idered h e r e .  Nevertheless. we regard  the presen t  
work a s  a minimal f i r s t  s tep toward a n  understand- 
ing of the high-frequency behavior of these mate-  
r i a l ~ .  
The authors  a r e  grateful to P .  B .  Allen, M.  A. 
Butler ,  S .  T .  Chui, J. J .  Hopfield, and D. L .  
Rousseau f o r  helpful discussions.  They thank also 
W. A .  Little and J .  Tailaka, respectively, fo r  dis-  
cussioris of their unpublished resu l t s .  Finally, 
A .  N. B .  i s  grateful to Be11 Laboratories ,  Murray 
Hill, N .  J. fo r  their  hospitality during p a r t  of the 
t ime this work was in p r o g r e s s .  
* ~ o r k  a t Johns Hopkins University supportecl by gran ts  
froni the Advanced Research  Pro jec t s  Agency of the 
Department of Defense and f rom the National Science 
Foundation. 
'R. E .  P e i e r l s ,  Qrtnnfunl Tizeory of  Solids !Clarenclon, 
Oxford, 1955), p .  IOSff. 
'L. van I-Iorre, Physica S, 137 (1950). 
3 ~ .  E .  Boi.laiid, IJroc.  R. Soc. Lotid. .A %, 529 (1963). 
%. Frohlich,  Proc.  R .  Soc. Lond. A-, 296 (1954). 
"or reviems, s e e  1. F .  Schegolev, Phys.  S t a t ~ i s  Solidi 
A g, 9 (1972); II. R .  Ze l le r ,  Festkoerperprobleilie 
13, 31 (1973). 
-
9. P. F e r r a r i s ,  L). O. Cowan, V. V. Wiilatka, aiid J. 
H. I'erlstein, J. Ani. Cheni. Soc. - 95, 948 !1973). 
IL .  B. Cohen, M.  J. Coheii, D. J .  Sandnian, F .  G .  
Yan~agish i ,  A. F .  Gari to,  and -4. J. IIeeger, Solid 
State Commun. g, 1123 (1973). 
8 ~ .  A. Urigiit, A. F .  Gari to,  anil A. J .  I leeger,  Solid 
State Commun. g, 943 (197S). 
"I-' 11. Grant,  R .  L .  Greene,  C. C. [Vi-ighton, and G .  
Cast ro ,  Phys. Rev. Lett. c, 1311 (197:i). 
'%. Kuse anci H. R .  Ze l le r ,  Phys. 13i.v. 1-ctl. - 27, lO(30 
11971). 
".A. N. Bloch, H. B. IVeisinan, and i?. 31. Vartna, Piiys. 
Rev. Lett. 2, 733 (1972). 
"A. ii. Bloch, J. P .  F e r r a r i s ,  O. O. C'o~vaii, and T. C). 
Poehlcr ,  Solitl State Commun. 3, 7.X (197:1). 
I3B. Reriker, H .  Iiietscliel, L. Pintschovius, lf'. Glaser ,  
P. Brüesch,  D. Kuse, aiid hI. J. Rice,  Pliys. Kev. 
Lett. S, 1144 (1973). 
9. E. Ifzyalosliinskii anu 1:. 1. I<ats, Zh. Eiisp. Teor .  
F i z .  E, 325 (1968) [Sov. Pliys. -,JETP 2J, 178 (1969)]. 
' " ~ h i s  conclusion has lbeen reached independently by 1'4. 
A. Little (private coniniunication). 
1108 P. F. W I L L I A M S  A N D  A A R O N  N .  B L O C H  
1 6 ~ .  J. Hopfield, Phys. Rev. 139, A419 (1965). 
17L. N. Bulaevskii and Yu. A. Kukharenko, F iz .  Tverd.  
Te la  2, 2401 (1972) [Sov. Phys.  Solid State 2, 2076 
(1973)l. 
"D. P ines ,  Elernentary Excitations in Solids (Benjamin, 
New York, 1963). 
"J. M. Ziman, Principies of the Theory of Solids (Cam- 
bridge V. P .  , Cambridge,  1972), p. 279ff. 
''E. Hayashi and M. Shimizu, J .  Phys. Soc. Jpn. 2, 
1396 (1969). 
"A. Ron and N. Tzoar ,  Phys. Rev. 131, 12 (1963). 
2 2 ~ .  Brüesch,  Solid State Commun. g, 1 3  (1973). 
2 3 ~ .  Otto, Z.  Phys. 3, 398 (1968). 
2 4 ~ .  S. Barker ,  J r . ,  Phys. Rev. Lett. 2, 892 (1972). 
2 5 ~ .  G. Wilson and S. A. Rice,  Phys. Rev. 149, 55 
(1966). 
%ee, f o r  example,  W. P .  Dumke, Phys. Rev. 124, 1813 
(1961). 
'' D. P ines ,  and P .  Nozieres,  Quantum Liquids (Benja- 
min, New York, 1966). 
fo r  example, P .  B. Allen, Phys. Rev. B 3, 305 
(1971). 
"L. Fr iedman,  Phys.  Rev. 133, A1668 (1964). 
3 0 ~ e e ,  for  example,  N. F .  hlott, Adv. Phys. 16, 49 
(1967). 
3 1 ~ .  Iida, Bull. Chem. Soc. Jpn. 42, 637 (1969). 
3 2 ~ .  Tor rance  (unpublished). A prel iminary version of 
these data was  presented at  the Gatlinburg Conference 
on  Superconductivity and Latt ice Instabil i t ies ,  Septem- 
b e r ,  1973. 
"J. Bernasconi ,  P .  Brüesch,  D. Kuse, and 1-1. R. Ze l le r ,  
Brown-Boveri Research  Report  No. KLR-73-05 (1973). 
3 4 ~ .  Tanaka (private communication). 
3 5 ~ .  Sadakata and E .  Hanamura, J. Phys. Soc. Jpn. 2, 
882 (1973). 
3 6 ~ .  F. Williams, M. A .  Butler ,  D. L. Rousseau, and 
A. N. Bloch, foiiowing paper,  Phys. Rev. B 2, 1109 
(1974). 
